We develop invariants Ω n of a translation action of a group on R m analogous to the BieriNeumann-Strebel-Renz invariants Σ n . The invariants Σ n were defined to be the set of "directions" e ∈ ∂ ∞ R m such that a suitable universal G-space is (n − 1)-connected over the half-spaces defined by e. We replace half-spaces by topologically more natural neighborhoods of e to obtain the new invariants Ω n . The invariants Σ n and Ω n are related as follows: e ∈ Ω n if and only if every e in an open π 2 -neighborhood of e lies in Σ n .
Introduction
In this paper we develop new geometric invariants of a translation action ρ of a group G on R m . These are analogs of the Bieri-Neumann-Strebel-Renz (BNSR) invariants Σ n (ρ) introduced in [3] for n = 1 and in [4] for n 2. For n 1, the set Σ n (ρ) is a subset of the "(m − 1)-sphere at infinity" of R m , denoted ∂ ∞ R m (i.e., the set of asymptotic equivalence classes of geodesic rays in R m ). The description of Σ n (ρ) involves half-spaces of R m perpendicular to the direction e ∈ ∂ ∞ R m as explained below. These half-spaces could be thought of as horoball neighborhoods of e. In controlled topology it is more natural to consider "ordinary" neighborhoods of e (in the topological m-ball R m ∪ ∂ ∞ R m ). This leads to a natural question: how does the description involving half-spaces compare to the description involving ordinary neighborhoods? In this paper we introduce new invariants Ω n (ρ) having the same relation to ordinary neighborhoods of e as Σ n (ρ) has to horoball neighborhoods, and we describe the relationship between Ω n (ρ) and Σ n (ρ).
The BNSR invariants Σ n
Let n be a non-negative integer, let G be a group of type F n , and let ρ : G → Transl(R m ) be a cocompact action of G on R m by translations. 2 There are two competing notions of neighborhood of e ∈ ∂ ∞ R m in R m :
(1) Ordinary neighborhoods of e in the compact space R m ∪ ∂ ∞ R m (intersected with R m ).
(2) Half-spaces of R m perpendicular to the direction e.
In [1] , Bieri and Geoghegan defined the idea of ρ being controlled (n − 1)-connected (or CC n−1 ) in the direction e using notion (2) of neighborhoods. Here we recall the definition for n = 1; we give the full definition in Section 2.1.
Let (·, ·) denote the Euclidean inner product, and for each e ∈ ∂ ∞ R m , define β e : R m → R by β e (a) := (a, u e ), where u e is the unit vector pointing in the direction e. For s ∈ R, let H e,s := β −1 e ([s, ∞)); H e,s is a closed half-space whose boundary is orthogonal to e. Let Γ be the Cayley graph of G with respect to a chosen finite generating set. Choose a G-map h : Γ → R m (for example, define h(g) = ρ(g)(0) for all vertices g ∈ G and extend linearly on all edges). Denote by Γ e,s the largest subgraph of Γ contained in h −1 (H e,s ) . Say that ρ is CC 0 in the direction e if for each s ∈ R, there exists λ(s) 0 such that every u, v ∈ Γ e,s can be joined by a path in Γ e,s−λ(s) and s − λ(s) → ∞ as s → ∞. The Bieri-NeumannStrebel invariant of ρ is Σ 1 (ρ) := {e ∈ ∂ ∞ R m | ρ is CC 0 in the direction e}. There is a generalization for n 2, the Bieri-Renz invariant of ρ defined as Σ n (ρ) := {e ∈ ∂ ∞ R m | ρ is CC n−1 in the direction e}. We refer to all of these together as the BNSR invariants.
Some of the known theorems involving Σ n (ρ) are: Theorem 1.1. ( [3] for n = 1, [4] for n 2) If ρ has discrete orbits, then the following are equivalent:
(1) ρ is CC n−1 in all directions e ∈ ∂ ∞ R m . (2) For each a ∈ R m , the stabilizer G a has type F n . 
The origins of Σ n
Originally, Σ n was an invariant of a group G. It is described in [2] , and we recall that description. Let ρ be the canonical G-action on the real vector space W := G/G ⊗ Z R. The vector space W has a natural base point 0. Denote by ∂ ∞ W the set of rays starting at 0. The set ∂ ∞ W is a sphere of dimension (dim W ) − 1. Choose an inner product (·, ·) for W . Then Σ n (G) := Σ n (ρ).
The invariant Ω n
From the point of view of topology, it is more natural to have a similar definition to CC n−1 using "ordinary" neighborhoods of e. A basis for these neighborhoods consists of truncated cones. Let γ be the geodesic ray defining e with γ (0) = 0. In Section 2.2, we introduce the idea of ρ being bounded (n − 1)-connected (or BC n−1 ) in the direction e; we sketch it here for n = 1. Denote by Y γ,s the largest subgraph of Γ contained in h −1 (C γ,s 
As in the Σ -case, there is a generalization of this for n 2, namely
The question of invariance of BC n−1 is answered in Section 2.3. We see that ρ being BC n−1 in the direction e depends only on the action ρ and the direction e, so Ω n (ρ) is an invariant of ρ. We compute Ω n for right-angled Artin groups in Section 2.4. In Section 3 we answer the following question: if ρ is BC n−1 in a direction, then is ρ CC n−1 in that same direction? and conversely? The complete answer is the following theorem: 
Theorem 1.2 states that Σ n (ρ)
is an open subset of ∂ ∞ R m . As a corollary to Theorem 3.1, we get that Ω n (ρ) is a closed subset of ∂ ∞ R m (Corollary 3.13).
Given Σ n (ρ), we can completely determine Ω n (ρ): for each e ∈ ∂ ∞ R m , e ∈ Ω n (ρ) if and only if the open π 2 -neighborhood of e is in Σ n (ρ). However, it is not the case that
We use results in [5] to give an example of the latter.
For each a ∈ Z m ⊂ R m , denote by e a the endpoint defined by the geodesic ray through a with initial point 0. The open hemisphere N π/2 (e a ) is called rationally defined. A rational convex polyhedral subset of ∂ ∞ R m is the intersection of a finite number of rationally defined hemispheres; a rational polyhedral subset of ∂ ∞ R m is the union of a finite number of rational convex polyhedral subsets. The following is a theorem of [5] :
Therefore, there exists a finitely presented group G 1 such that Σ 1 (G 1 ) is the union of the open π 2 -neighborhood of the "north pole" e with the open π 4 -neighborhood of the "south pole" −e (see Fig. 2 ). There also exists a finitely presented group G 2 such that Σ 1 (G 2 ) is only the open π 2 -neighborhood of the "north pole" e. By Theorem 3.1,
= e, so we see that Ω n cannot completely determine Σ n .
Background, definitions, and some observations

Controlled (n − 1)-connected
Let e ∈ ∂ ∞ R m , and let γ be a geodesic ray defining e. Associated to γ is the function β γ : R m → R defined by β γ (a) := (u e , a − γ (0)) where (·, ·) is the Euclidean inner product and u e is the unit vector (at 0) pointing towards e. For each s ∈ R, let H γ,s := β −1 γ ([s, ∞)). Each H γ,s is a half-space of R m whose boundary is perpendicular to γ .
Suppose that n is a non-negative integer, G is a group of type F n , and ρ : G → Transl(R m ) is an action of G on R m by translations. Following Bieri and Geoghegan in [1] , we define "controlled (n − 1)-connected" as follows: Pick an n-dimensional (n − 1)-connected CW complex X on which G acts freely as a group of cell permuting homeomorphisms with G \ X a finite complex. Choose a G-map h : X → R m called a control function. Denote by X γ,s the largest subcomplex of X lying in h −1 (H γ,s ). The action ρ is controlled (n − 1)-connected (or CC n−1 ) in the direction e if for every s ∈ R and every −1 p n − 1, there exists λ = λ(s) 0 such that every map 4 f : S p → X γ,s can be extended to a mapf :
Bounded (n − 1)-connected
In the compactified space R m ∪ ∂ ∞ R m , the compactified half-spaces play the role of neighborhoods of the point e ∈ ∂ ∞ R m (see Fig. 1 ), but this gives an unsatisfactory topology to R m ∪ ∂ ∞ R m . A basis for a more natural topology consists of "truncated cones". Let e ∈ ∂ ∞ R m , and let γ be a geodesic ray defining e. Proof. For the "only if" direction, let s 0. Define t := min{r ∈ N | r r 0 ; r − λ (r) s}. This set is non-empty since r − λ(r) → ∞ as r → ∞. Let −1 p n − 1, and let Proof. Since h 1 and h 2 are G-maps and g ∈ G is an isometry, will mean Y γ,t 0 with respect to h 1 and the superscript 2 will denote with respect to h 2 ). There exists t t 0 such that N α (C γ,t ) ⊂ C γ,t 0 . For similar reasons as above, h 
Proof. There exists a translation
For similar reasons as above,
Proposition 2.5. BC n−1 is independent of the choice of X.
Proof. The proof is the same as the proof of CC
n−1 is independent of X in [1, Theo- rem 3.3]. 2
Ω n of right-angled Artin groups
Let G be a finite simplicial graph with vertex set V . Associated to G is the graph group (or right-angled Artin group) GG with presentation V | uv = vu for all u, v ∈ V such that u and v are adjacent . Let W := GG/GG ⊗ Z R, and give W an inner product (·, ·). Let ρ denote the canonical action of GG on W , so Σ n (GG) := Σ n (ρ) and Ω n (GG) := Ω n (ρ). The set {([v], 1) ∈ W | v ∈ V } forms a basis for W . We will abuse notation and refer to v ∈ V as a basis element of W as well as a vertex of G.
In [6] , Meier, Meinert, and VanWyk give a complete computation of the Σ -invariants of GG. We recall that result. Let e ∈ ∂ ∞ W . A vertex v is living (with respect to e) if the directions v and e are perpendicular. Denote by L e the full subgraph of G generated by the living vertices. The flag complexĜ induced by G is the simplicial complex formed by filling in each complete subgraph of G with a simplex. Denote byL e the flag subcomplex ofĜ We give a complete computation of the Ω-invariants of GG along with a proof that is independent of Theorem 2.6. A vertex v ∈ V is dominating if v is adjacent to every other vertex in V . Suppose U ⊆ V . Denote by U the subspace of W spanned by U . Denote by Proof. It suffices to show that Ω 1 (GG) = ∅. Let e ∈ ∂ ∞ W , and let γ be the geodesic ray defining e with γ (0) = 0. Let X be the Cayley graph of GG, and let h : X → W be a GG-map. Pick v ∈ V such that v is a "non-zero coordinate" of e.
Since G has no dominating vertices, there exists u ∈ V and s 0 > 0 such that uv = vu and p(C γ,s 0 ) = {u, v} where p : W → {u, v} is the natural projection map. The h-preimage of {u, v} is the Cayley graph of the free group on two generators F 2 . Since p • γ is a geodesic ray up to reparameterization, it defines a point e ∈ ∂ ∞ {u, v} . Since Ω 1 (F 2 ) = ∅, there exists s 1 0 such that for every t s 1 , there exists x, y ∈ Y p•γ,t which cannot be joined in Y p•γ,s 1 . Although the projection of a truncated cone is not necessarily a truncated cone, there exists
t be in thep-preimage of x and y, respectively, wherep : X → X U is the natural projection map with X U denoting the subgraph of X generated by U . Then x 0 and y 0 cannot be joined by a path in Y γ,s 2 otherwise the projection of this path would join x and y in Y p•γ,s 1 
Proof of Theorem 2.7. To show that Ω n (GG) ⊆ S(U ), it suffices to show that Ω 1 (GG) ⊆ S(U ). Suppose e ∈ (S(U )) c , and let γ be the geodesic ray defining e with γ (0) = 0. Let α > 0 be the angle between γ and U . There exists s 0 > 0 such that arctan(1/s 0 ) < α, so C γ,s 0 ∩ U = ∅. We have that GG ∼ = Z k × H where H has presentation V − U |R with R denoting the set of adjacency relations on V − U . Let p k : W → U , p H : W → V − U , andp H : X → X V −U be the natural projection maps with X V −U denoting the subgraph of X generated by V − U .
The graph associated to H has no dominating vertices, so by Lemma 2.8, we have 
We now show the reverse containment. Let e ∈ S(U ), and let γ be the geodesic ray defining e with γ (0) = 0. Since GG ∼ = Z k × H , we let X be R k × X(H ) where X(H ) is the CW complex used for H acting on V − U . Let s 0, and let f : S p → Y γ,s be a map. There exists 
Equivalent definitions
In this section we establish some equivalent definitions of BC n−1 that will be used in proving the main theorem. 
The main theorem
In this section, we prove our main theorem. In preparation for the "only if" direction (Theorem 3.9), we need to discuss μ-selections, and for the "if" direction (Theorem 3.10), we need to discuss sheaves of maps.
μ-selections
This section follows the work of Michael in [8] . Michael worked with selections (or "0-selections"), but since we allow lag in our definition of BC n−1 , we need to use "μ-selections" where μ > 0. We will obtain a "μ-Selection Theorem" analogous to Michael's "Selection Theorem".
Let B be a topological space and X be a metric space. Denote by 2 X − ∅ the set of all non-empty subsets of X.
The space X is uniformly LC n−1 if for every ε > 0, there exists δ > 0 such that for each m n − 1, every singular S m in X of diameter δ bounds a singular B m+1 in X of diameter < ε.
Suppose we are given S 0 , . . . , S ⊆ (2 X − ∅) and for each 0 i − 1 a bijection Let n be a positive integer, and let = n 2 . Suppose ϕ 0 : B n → S 0 is given, and for each 1 i , ϕ i : B n → S i is defined by ϕ i := Ψ i−1 • ϕ i−1 . We assume:
Our μ-Selection Theorem is: Theorem 3.2. Under these hypotheses, let g : S n−1 → X be a selection for ϕ 0 |S n−1 . For every μ > 0, there exists a μ-selection f : B n → X for ϕ such that f (t) ∈ N μ (g(t)) for every t ∈ S n−1 .
To prove Theorem 3.2, we will give a series of seemingly weaker conditions culminating in the proofs of Propositions 3.4 and 3.5. We start with the following proposition. 5 
Proposition 3.3. Under these hypotheses, for every μ > 0, there exists a triangulation K of B n and a map f : K → X such that if σ is a simplex of K and t ∈ st(σ ), then f (σ ) ⊆ N μ (ϕ (t)).
Proof that Proposition
. , S ) ∈ S is C n−1 and each
By Proposition 3.3, there is a triangulation K of B n and a map f : K → X such that if σ is a simplex of K and t ∈ st(σ ), then f (σ ) ⊆ N μ (ψ (t)). Let t ∈ B n , so t ∈σ for some simplex σ which implies t ∈ st(σ ).
then f (t) ∈ N μ (ψ (t)) = N μ (g(t)). 2 Proposition 3.4. Assume condition (3). For every α > 0, there exists a triangulation K of B n and a map
It will be useful to have the following definition. Let ν > 0, let 0 i n − 1, let K be a triangulation of B n , and let f : K i → X be a map. Then K and f have type ν, i if whenever σ is a simplex of K and t ∈ st(σ ), then f (σ ∩ K i ) ⊆ N ν (ϕ in (t)). 
By induction, for each 0 i n, there is a triangulation K i of B n and a map
Proof of Proposition 3.4. Given condition (3) and α > 0. For each t ∈ B n , pick x t ∈ ϕ 0 (t).
} is an open cover of B n . Therefore, B n has a triangulation K that is finer 6 than U .
For each vertex v, pick t v ∈ B n so that st(v) ⊆ U t v , and let f (v)
Before we prove Proposition 3.5, we need three lemmas. For each t ∈ B n and each simplex σ of K i+1 with t ∈ st(σ ), define f t,σ : σ → X by:
(t)) (this is possible by Lemma 3.8).
Let W t,σ := {t ∈ B n | f t,σ (σ ) ⊆ N μ (ϕ (i+1)n (t ))}. Thus, t ∈ W t,σ , and by [8, Lemma 11.3] , W t,σ is open in B n . Let W t := {W t,σ | t ∈ st(σ )}, let M t := {st(u) | t ∈ st(u)}, and let R t := W t ∩ M t . By [8, Lemma 11.4] , for each t ∈ B n , there is a neighborhood T t ⊆ R t of t and there exists t ∈ B n such that if We will define g as an extension of ω to L i+1 . To do so, we need only consider
of the stars of the vertices of π(σ ), so t σ ∈ st(π(σ )). We extend ω| i+1)n (t ) ). To do this, it suffices to show that if σ is a simplex of L i+1 and t ∈ st(σ ), then g(σ ) ⊆ N μ (ϕ (i+1)n (t)). Suppose σ has vertices v 1 , . . . , v 
with the last inclusion holding since t σ ∈ st(π(σ )) from above. Thus,
The "only if" direction
We have an n-dimensional, (n − 1)-connected, free G-CW complex Y with G \ Y finite, but we wish to use a simplicial complex instead of a CW complex. It is well known that given Y , there is an n-dimensional,
With the metric d , G acts on X freely and properly by isometries. Give G \ X the induced metricd. Then p : X → G \ X is a local isometry.
We are given μ > 0. We wish to triangulate X so that each simplex σ has diameter < μ. Let α > 0 be as in the definition of local isometry, and let δ := min{μ, α}.
There is a triangulation K of G \ X finer than U . Lift this to a triangulationK of X; then for each simplex σ ofK, diam(σ ) < μ. 
Proof. Let ρ be BC
n−1 in the direction e ∈ ∂ ∞ R m and let e be in the π 2 -neighborhood of e with (e, e ) = β < π 2 . Let γ be a geodesic ray defining e , and let μ > 0. Choose an n-dimensional, (n − 1)-connected, free G-simplicial complex X with G \ X finite, and choose a G-map h : X → R m . Suppose X has the metric d described above, and suppose X is subdivided so that diam(σ ) < μ for each simplex σ . Let ε > 0, let := n 2 , and let ν(μ) be as in Lemma 3.6 (without loss of generality, assume ν(μ) μ for every μ > 0).
Since ρ is BC n−1 in the direction e, there exists r 0 0 and a function λ : [r 0 , ∞) → [0, ∞) such that r − λ(r) → ∞ as r → ∞, and for each −1 p n − 1 and for every geodesic ray γ defining e, every map f : S p →Y γ,r extends to a mapf :
Let H γ ,s be a half-space, −1 p n − 1, and f : S p → X γ ,s be a map. Since H γ ,s is contractible, we can extend h • f to a map F : B p+1 → H γ ,s . For each a ∈ F (B p+1 ), define γ a to be the geodesic ray defining e with γ a (R 0 + ε) = a. For each 0 j , define
EachC γ a ,R ⊆ H γ ,s−λ +2μ . To see this, let y ∈ base(C γ a ,R ) and let c be the center of base (C γ a ,R ). We know that H γ ,s ∩ γ a ([0, ∞)) = γ a ([t, ∞) ) for some t R 0 + ε. Thus, d(y, H γ ,s ) d(y, γ a (t)) d(y, c) + d(c, γ a (t) ) 1 + t − R λ − 2μ, so base(C γ a ,R ) ⊆ H γ ,s−λ +2μ . We also know that R > tan(β), so arctan( We now check the hypotheses of Theorem 3.2 for the simplicial complex X, the maps
The simplicial complex X is uniformly LC n−1 (with respect to d ) since G \ X is finite and p : X → G \ X is a local isometry. Therefore, X satisfies condition (1) . To see that each ϕ i is l.s.c., let V be open in X, and suppose (2) is satisfied. Since G acts on X freely and properly by isometries, S is a uniformly equi-LC n−1 , and condition (3) is satisfied. Clearly condition (4) is satisfied.
By Theorem 3.2, there exists a ν-selection g for ϕ such that g(t) ∈ N ν (f (t)) for each t ∈ S p . By Lemma 3.6, there is a homotopy H : S p × I → X such that H (t, s) ∈ N μ (f (t)) for each t ∈ S p and each s ∈ I . This homotopy and the ν-selection give an extension f of f such that for each x ∈f (B p+1 ), x ∈ N μ (X γ ,s−λ +2μ ). Therefore, for each
Sheaves of maps
In this section, we review sheaves of maps and some related ideas as discussed in [ 
The shift of f towards e ∈ ∂ ∞ R m is the function sh f,e : D(f ) → R defined by sh f,e (x) := β γ hf (x) − β γ h(x) where γ is a geodesic ray defining e and β γ is defined in Section 2.1. The shift is independent of the choice of γ , and |sh f,e (x)| α f (x). The guaranteed shift towards e is gsh e (f )
we have gsh e (gf ) = gsh e (f ). A cellular map φ : X → X is a contraction towards e if gsh e (φ) > 0.
Suppose F : X ; X is a locally finite homotopically closed G-sheaf. Given a cell σ of X, the maximal guaranteed vertex shift on σ is μ e (F|σ ) :
The "if" direction
In this section we prove the "if" direction of Theorem 3.1 which is the following:
We need: Proof. Suppose e ∈ E and R := F (1
Let σ be a simplex of X, and suppose φ ∈ F with sh φ,e (x) ε for all x ∈ σ . Let e ∈ N , and suppose γ and γ are geodesic rays defining e and e , respectively. By
2 ). Applying [1, Lemma 13.5] (with ε 6 replacing ε and r = φ ), we get that for each x ∈ σ and each p ∈ B φ (h(x)), Fig. 3 ). By [1, Theorem 14.5], there is a locally finite homotopically closed G-sheaf F : X ; X and ε > 0 such that μ e (F|σ ) − δ e (F|σ ) ε for each simplex σ of X and each e ∈ E. Let F be the G-sheaf generated by F and id : X → X. Therefore, μ e (F|σ ) − δ e (F|σ ) ε for each simplex σ of X and each e ∈ E. Use the neighborhoods N in Lemma 3.11 to cover E. Therefore, there is a finite set {e 1 , . . . , e k } ⊆ E such that for each e ∈ E, there exists 1 j k such that for every simplex σ of X, if φ ∈F with sh φ,e j (x) ε for all x ∈ σ , then sh φ,e (x) > ε 3 for all x ∈ σ . Since G\X is finite, there are a finite number of orbits of vertices. Let u 1 , . . . , u m denote the representatives of these orbits. Let u ∈ {u 1 , . . . , u m }, and let e j ∈ {e 1 , . . . , e k }. We will 
